Helical structures are basic building blocks in biological and engineering systems, such as DNA [1] , plant tendrils [2] [3] [4] [5] , seashells [6, 7] , curly hair [8] , cholesterol [9] , and nanoribbons [10, 11] . Recent work has shown that helical ribbon morphology can be controlled by the mechanical balance between surface stresses or internal residual strains and the induced elastic stretching and bending [4, [13] [14] [15] [16] . Importantly, the generation of helical morphology requires both mechanical anisotropy, such as anisotropy in surface stress [17] , residual strain, elastic properties [18] ), and geometric mis-orientation between the principal mechanical axes and geometric axes (length, width, thickness) of the structure.
Noticeably, many of the helical structures studied with theoretical and experimental approaches exhibit uniform radius and pitch [12] [13] [14] [17] [18] [19] . Helical morphologies of variable radius, pitch and width are less heavily investigated. As typical representatives of helical shapes with geometric parameters, seashells have long fascinated scientists with their aesthetic beauty that roots in their self-similar, spiraling shapes with left-right asymmetry.
Moseley first modeled the geometry of the coiling molluscan shell as a logarithmic spiral [20] . Afterwards, a number of theoretical models of molluscan shells have been developed on the geometric properties of shell growth and morphogenesis [21] [22] [23] . In recent years, some theoretical models have addressed the biological processes taking place at the growing edge and the growth kinematics of shell aperture [6, 7, [24] [25] [26] [27] [28] . While the morphogenesis of seashells are not the main focus of the current study, it is of interest, from an engineering point of view, to develop both theoretical and experimental strategies of designing shapes inspired by nature, e.g., structures that mimics the seashells. In this letter, we first present a theoretical framework for helical morphologies with tunable geometric parameters such as principal radii of curvature, width and helix angle, but without self-contact. Then we address the mechanics of geometric frustration due to self-avoidance restriction, and report the generation of three-dimensional helical morphologies where the energy minimization is achieved on a global scale but not locally. According to this principle, we designed a helical, seashell-like structure through tabletop experiments. This study can promote understanding of morphogenesis in biological systems [14] , and inspire new design principles for novel materials and devices of tunable morphologies or structures that can change configurations in response to external stimuli [11, 12, 29] , with applications in nanofabrication [10, 18, 30] and bio-inspired technology [31, 32] .
In this work, the ribbon is considered as an elastic sheet with length L, width w(s) ≪ L Chen et al.'s recent works [13, 15] have shown that the equilibrium configuration can be determined by locally minimizing the total potential energy, when the deformed ribbon has constant principal curvatures, and does not have any self-contact. Here, we first deal with the more general case of bi-axial bending with varying principal curvatures along the centerline, also without self-contact. In this case, the ribbon will have principle curvatures κ 1 (s) and κ 2 (s) along the directors r 1 = cos φd x −sin φd y and r 2 = sin φd x +cos φd y oriented at an angle φ relative to d x within the plane of the ribbon (see Fig. 1 ). In the global cartesian coordinate system, the coordinates of a point P(s) (parameterized by the arclength s) on the centerline can be obtained by integrating the following equations [15] :
where
is unit normal to the ribbon, together with the boundary conditions
cos φE x −sin φE y and r 2 (0) = sin φE x +cos φE y . It is worth noting that although analytic expressions can be obtained when κ 1 (s) and κ 2 (s) are both constant [13, 15] , in the more general case of interest where κ 1 (s) and κ 2 (s) have an arclength dependance, the coordinates of the centerline can be solved numerically.
In the presence of bi-axial bending curvatures, the deformed ribbon exhibit strain components ǫ xx , ǫ yy , ǫ xy , and ǫ zz which are considered uniform throughout the d y direction of the ribbon (when geometric nonlinearity is relatively week). More general consideration involving geometric nonlinearity can be done following the recent work of Chen et al. [33] . Here, we choose not to include the nonlinear geometric effects for the clarity of statement about the procedure. By superposition we obtain the strain tensor
with components
Here, z ∈ [−H/2, H/2] is the distance of any point in the ribbon away from the midplane, γ : C : γ dz ,, where C denotes the fourth-order elastic constant tensor. The equilibrium configuration can be achieved by minimizing the potential energy Π: ∂Π/∂χ = 0, where χ represents any of the undetermined parameters [13] .
Next, we consider the more interesting scenario with potential self-contact [19] . For example, for an intrinsically helical ribbon with a linearly varying width, W = W 0 − αs (or constant, i.e., α = 0), where the minimal energy shape cannot be achieved due to the potential self-contact restriction, what will the possible equilibrium configuration be? More specifically, given a virtually equilibrium configuration with natural principal curvatures in the forbidden regime (i.e., with self-penetration), what will the actual minimum energy configuration be? In a pioneering work, Chouaieb and co-workers [19] studied the specific case for the self-contacting case of a uniform helical rod. Here, the geometry and mechanics involved are more complicated, since the ribbon can have a varying width, and non-constant principal curvatures. We first do local energy minimization to find the equilibrium shape without considering self-avoidance, i.e., when there is no energy penalty for doubly occupying the same space. For a segment of more than one complete turn, however, self-contact becomes inevitable when the projected distance (along the helix axis direction) between adjacent turns are smaller than the pitch, i.e.,
] is the radius of curvature along the helix axis direction (see Fig.2 ), and θ = arctan [(κ 1 − κ 2 ) cos φ sin φ/(κ 2 1 cos φ + κ 2 2 sin φ)] is the angle between the helix axis and the longitudinal axis of the ribbon. When the radii of curvature along the ribbon are such that the self-contact happens everywhere, a tightly-coiled ribbon results. This is similar to, but more complicated than, the example of a stress-free helical rod that cannot achieve its equilibrium configuration due to self-avoidance constraint [19] . The strain-energy function for a hyperelastic ribbon is W tot = W (γ −γ * )dr = the strains in the unstressed reference configuration where there are no resultant moments everywhere, r is the vector of a point in the ribbon, and K is a 3-by-3 symmetric positivedefinite matrix [19] . The minimum-energy configuration can be found by first constructing the energy level sets and then tracing the tangential points between the energy level set and the in-accessible (forbidden) region due to self-penetration. In principle, there are two tangential points, indicating two possible solutions (local minima) with opposite handedness.
In reality, however, the configuration with smaller energy will be the global equilibrium featuring a preferred handedness.
As a proof of concept, we designed table-top experiments to manufacture biomimetic seashells (Turritella). Turritella is a common kind of dextral seashell species, and the typical surface of the shell is shown in Fig. 3(a) . The radius and width of the seashell are constantly changing, and the adjacent turns are in contact.
Considering the feature of the seashell surface as shown in Fig. 4(a) , we designed a tabletop experiment so as to set up an energy hypothesis of bio-mimetic seashell structure. In our experiments, two sheets of latex rubber were pre-stretched and bonded to an elastic strip of thick, pressure-sensitive adhesive [13] . One piece of thin latex rubber sheet (thickness H 1 , and length L) was pre-stretched bi-axially and bonded to an unstrained triangular elastic strip of thicker, pressure-sensitive adhesive along a mis-orientation angle with respect to the principal axes (see the methods in [13, 33] ), such that the total thickness of the bonded strip is H = H 1 + H 2 . Here, the mis-orientation angle was φ = 12 o , the pre-strain along the d y direction was 0.3, while the pre-strain along the changed from 0.25 to 0.90 in a piecewise manner, so that in the segments (in Fig. 4(c) ) the pre-strain are 0.25, 0.3, 0.4, 0.5, 0.6, 0.7, and 0.9, respectively. The horizontal lengths of the segments after stretching are 50mm, 50mm, 40mm, 40mm, 30mm, 20mm, and 20mm, respectively. Upon release, the bonded composite sheet deformed into seashell-like shapes (see Fig. 4(b) ).
If the adjacent turns were allowed to overlap without additional energy cost, the configurations of each segment would have conformed to those shown in Fig. 4c . It is noteworthy that all the segments would come into self-contact if the condition in Eq.
(6) is satisfied, and that the chirality would change from right-handed to left-handed.
This change of chirality can be naturally interpreted using the recently developed elas-ticity model [13, 15] , whereby the handedness is given by the sign of the helix angle, Φ = arctan(κ 1 − κ 2 ) sin φ cos φ/(κ 1 cos 2 φ + κ 2 sin 2 φ). When the first principal curvature is smaller than the second, the helical ribbon is left-handed (the bottom segment in Fig.   4(c) ); while the first principal curvature becomes smaller than the second, the helical shape becomes right-handed (the top five segments in Fig. 4(c) ); a ring-like shape results when the two principal curvatures are equal (the second last segment in Fig. 4(c) ). But since self-penetration will lead to an infinite energy penalty, and hence not allowed, the overall geometric compatibility requires that the ribbon conform to a seashell-like shape as shown in Fig. 4(b) , featuring a right-handed, tightly-coiled configuration, consistent with the theoretical prediction (the predominant handedness in the unstressed configuration prevails).
In sum, we develop a comprehensive theoretical framework for spontaneous helical ribbon structures with tunable geometric parameters and no self-contact by employing continuum elasticity, differential geometry, and stationary principles. Moreover, for ribbons that cannot access the locally stable shapes due to self-penetration, we show that a tightly coiled helical shape can result with a preferred handedness so that the total energy is globally minimized but not locally. Based on this principle, we designed a helical, seashell-like structure through simple tabletop experiments. This study represents a new paradigm for predicting and prescribing helical structures, and can inspire new design principles for novel materials and devices of tunable morphologies with broad applications in biological and engineering practises.
